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Whispering gallery mode optical resonators have attracted attention due to their simplicity and applicability for
sensing. In this paper, analytical formulas are provided that describe resonance conditions in optical resonators.

Basic terms (resonance wavelengths and frequencies, free spectral range, Q-factor, summation principle of Q-

factors of various processes, finesse, etc.) are introduced. A description of interference of an infinite number of
waves of progressively smaller amplitudes and equal phase differences is given. A description of a Fabry—Perot res-
onator with nonequal reflection coefficients is also given as well as analysis of all-pass and add-drop optical filters.
The presented description of resonators will help to analyze the effects of optical resonators, interpret the results of
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1. INTRODUCTION

Optical whispering gallery mode resonators (WGMRs) [1] are
optical structures that confine light due to total internal reflec-
tion. Their properties have attracted significant attention in
the last decade [2,3]. Different WGMRs allow the application
of variable experimental conditions to change their internal
properties [4,5]. Most studied WGMRs 3D structures are balls
[6], toroids [7], and 2D structures, i.e., rings [8]. The light
is introduced in these structures most often by a prism [9] or
tapered fiber coupling [10]. These resonators are outstanding
because they form optical resonances with high Q-factors up to
107 — 10'°[11,12]. When the external environment, e.g., tem-
perature [13], humidity [14], or refractive index [15], changes,
the resonances shift; therefore, WGMRs are usable as sensors to
monitor these changes [16]. In biosensing, WGMRs are used
as units where tested molecules stick to their surface [17,18].
Another significant aspect of WGMREs is a high density of light
confined in these structures, thus forming conditions for studies
of nonlinear optical effects [19]. For example, whispering gallery
mode frequency combs [20] are formed through such effects.
While most of the studies in this field are concentrated on the
particular peculiarities and application issues of WGMR, there
is a lack of a detailed description of the theoretical aspects of
these resonators. In this paper, we provide the advanced classical
analytical description of optical resonances with mentioning
only some results obtained via Maxwell’s equations (ME)
[21,22]. This gives space to accent physical processes operated
in resonators, e.g., interference of waves, and not to dive into
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ME formalism, which gives more precise results of resonances
but is ambiguous and practically usable only in some general
resonator geometries, e.g., balls and cylinders. Formulas pro-
vided here give a basic level of deep understanding of resonances
of optical resonators, including WGMR and Fabry—Perot
resonators. Finite element simulations of WGMRs and light
propagation in them can be made, for example, in COMSOL
Multiphysics software and can be used as a supplementary
material to analytical theory [23-20].

This paper contains the description of the main parame-
ters of optical resonances such as resonance wavelengths and
frequencies, free spectral range, Q-factor, summation principle
of Q-factors of various processes, finesse, etc. The intensity dis-
tribution of resonance spectra is derived from the interference
of an infinite number of waves of smaller amplitudes and equal
phase differences. Resonances of Fabry—Perot resonators with
different and equal reflection coefficients of their mirrors are
described. Their similarity to resonances of whispering gallery
mode resonators with single and two waveguides coupling is
presented. Provided formulas with underlying proofs form a
concept system for an in-depth understanding of the formation
of optical resonances.

2. BASIC ANALYTICAL FORMULAS FOR
RESONATOR DESCRIPTION

Optical resonances observed in WGMR can be described by
wavelength positions A; and widths AX; or frequency positions
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v; and widths Av;. The whole spectra can be expressed as /(1)
or I (v).

A. Wavelength in Media

Resonance frequency v; is the same across various media.
However, a resonance wavelength inside the resonator A
differs from the wavelength in vacuum A, as

)‘-vac
}"mat = ’ (1 )
n

where 7 is a refractive index of media where light propagates.
Further, we will describe resonances as wavelengths in vacuum
A= Ayac.

B. Resonance Positions

A resonance condition appears when light interferes positively.
If two waves have phases ¢; and ¢, respectively, the resonance
condition is

P2 — i , 2)
and more specifically,
$2 — 1 =£27m, (3)

where 7 is awhole number. Generally, for monochromatic wave
¢ = wt — kx + A¢, where w is frequency, ¢ is time, 4 is the
wavenumber, x is the propagation axis, and A¢ is a phase shift
introduced, for example, by the reflection of a wave. If wave 2
is originated from wave 1, both waves have the same frequency
w; further, when no additional phase shift is obtained due to
reflections, and the position difference in the x axis is L, then
¢2 — ¢y = —kL, where k=2mn/A,,, n is a refractive index
of the media of a wave propagation, and 1,, is a wavelength. As
wavelength and path length L are positive, Eq. (3) turnsinto

Ap=nL - —. (4)
m
The same equation can be obtained by stating that a resonance
condition is formed when the length L of the light path loop in
an optical structure with the refractive index 7 is equal to posi-
tive natural number 7 of wavelength 1, in this media.
The corresponding resonance frequency for index 7 is

c

= — m
nlL

(5)

Vm

The maximal resonance wavelength is equal to light path L
multiplied by a refractive index (when 7 = 1):

The minimal resonance frequency is
c
(Um ) min = . (7)
nlL
If path L isacircle with a radius #, then resonance conditions are

1
Doy = 27an - —, 8)
m
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In the first approximation, for circular or spherical whispering
gallery mode resonators, # is equal to the radius 7, of a circle
or a sphere. In an advanced approximation, # is smaller than
the radius of the sphere by the fraction of a wavelength as the
light travels inside the resonator, and the resonance condition
differs slightly for TE and TM modes. For example, for spherical
resonators, their resonance positions derived from Maxwell’s
equations [27,28] are
1 —1/3 1\1/3
m+5+2 (x(m,)(m+§)
| iR P+
v, = . (ny7=1)
\-2/3
Of(mr)(m"rj)

- 2mron
-1/3 2_2p2
-2 / P (}’lr - 5[) ) (n3—1)3/2

)71/3

(10)
where effective refractive index 7, = n/n;, n, is the refractive
index of the media surrounding the resonator, P =, in TE
mode and P =1/, in TM mode, a(m,) is the position of the
m,th root of the Airy function Ai(—w), and m, is the radial
mode number.

For the first radial TE mode, 72, =1 and «(1) =2.33811.
When 7 3> 1 and the resonator is surrounded by air 7, = 1, the
resonance position in Eq. (10) turns into [1]

n
== 1) . (11)

For typical microresonators and experimental conditions
7o ~0.5mm, n~145 (fused silica), and X,, ~780 nm.
From Eq. (9), we obtain m = 6040, assuming a =ry.
Correspondingly, Eq. (11) gives 7 = 6007. This means that
the correction of resonance positions derived from Maxwell’s
equation gives the shift of resonances by about 33 modes com-
pared with Eq. (9) when « is used as a radius of the resonator.
Equation (9) can also be used in advanced models of resonances.
Then, to keep the simplicity of the resonance condition, typi-
cally advanced corrections are hidden inside the parameter of
effective radius @, which is nontrivial to derive, and the effec-
tive refractive index 7 in the simplest case is 7,, as described in
Eq. (10).

In the case when refractive index 7 is nonhomogenous in a
media, the resonance condition in Eq. (4) turns into

c 1
D,y = : 1.856m'% + = —
2mron (m + me 2

1
Amz—?{nﬂu, (12)
mJr

where 7y is a refractive index within a specific step 4L.
Evanescent interaction of waves can be hidden in 7 .

C. Free Spectral Range

The distance between the two closest resonances is called the
“free spectrarange” (FSR).

Forwavelength scale, the FSR is
22 A2

~-tm (13)

FSR (A,) = Ayt — Apy = ———2 A ,
() H (nL + A,,) nl

which means that peaks are not equidistant. We assumed that
nL >> A,,, whichisvalid for large resonators.
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In frequency scale, the FSR is

FSR (V) = Vypy1 — Uy, = LL (14)

n

which means equidistant resonances.

D. Quality Factor

Quality factor of the resonator system is defined as [29,30]

stored energy

Q=2r (15)

energy loss per oscillation period

Stored energy in the resonator is proportional to the light inten-
sity [y in the resonator. Due to energy dissipation, which is
characterized by the decay time 7, the light intensity / in the
resonator decays in time # according to

I=1Iye ", (16)
After one oscillation period 7= 1/v, the intensity turns into
I=Iye 17 = [ye™ 1/, (17)
Correspondingly, Eq. (15) becomes

1
Q=27 (18)

Assuming the decay to be slow so that 1/(tv) < 1, Eq. (18)

turns into
Q=2nv1 =1tw, (19)

which is an alternative definition of Q-factor. Lifetime 7 of a
resonator can be measured experimentally [12], thus deriving
the Q-factor of the resonator system.

Letus analyze the case when the amplitude U(#) of the optical
signal oscillates in time # with an angular frequency w,. It is
related to its intensity as /() ~ U(#)%. When the intensity 7(¢)
of the optical signal decays according to Eq. (16), we obtain
U(#) = Uye™ 7% ¢’ where U, is a coefficient. By taking the
Fourier transform, we obtain

+00

1 )
U(w)=— U(t)e " dr
2

0
1 .
U() ﬁ—z(w—wo)

= . 20
2mi (%)2+(a)—wo)2 (20)

Now the light intensity /(w) in an angular frequency scale
becomes

1
(£) + (@ —wo)*

I(w) ~ U(w)* ~ (21)

The maximal signal appears when w = @y. The full width of the
signal /() at half maximum (FWHM) appears to be

Aw=1. (22)
T

In a frequency and wavelength scale, the FWHM becomes
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1

Ay = ——, 23

Y 2nt 23)
)\’2

Al = . (24)
2mwet

According to Egs. (19), (22), (23), and (24), the Q-factor can be
expressed as

w v A
Q=

=—=—. (25)
Aw Av A

The exponential behavior of the decay of light intensity in
the resonator, as expressed in Eq. (16), can be derived from
processes that initiate the loss 47 of the intensity 7, which is
proportional to the value of this intensity and time interval d#
as d1 ~ —Idt. In the case of many decay factors described by
decayratesay, a2, a3, ..., theintensity loss is described as

dl = —a1dt — arldt — azldt — ...

=—[(ﬂl+ﬂ2+ﬂ3+...)dt. (26)
After integration, we obtain
[ = ]06_(ﬂ1+ﬂ2+a3+'")t, (27)

where [ is the intensity of the signal at # = 0. Based on Egs. (16)
and (19), each decay factor #; can be described by 1/ Q,; = 4; /w,
where 7 is the index of the factor. Thus,

[ = [06—(1/Q1+1/Q2+1/Q3+-)w: [Oe—(l/Q)wt. (28)

And
LR LI R I
QR QU Q& G

This shows that the total Q-factor Q of the system can be

expanded by various sub- Q-factors Q; initiated by various
decay processes [12].

(29)

E. Finesse

Finesse F describes the resonator and is defined as the FSR
divided by the full width of resonance at the half maximum

(FWHM):

FSR
F=—
(FWHM)

Taking into account Eqs. (14), (19), and (23), we obtain

(30)

_ 2w Te _ Qc (31)
nLAv nl nlLv

and
nLv L

=F—=F . 32
Q . ) (32
Here, we see that the Q-factor is equal to the finesse when
light path loop length L equals the wavelength in the optical
structure. If the resonance is formed by several wavelengths in
the light path loop length, then the Q-factor is larger than the

finesse.
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For the resonance condition in Eq. (4), Eq. (32) turns into
Q=Fm, (33)

where 7 is the number of wavelengths within the light path
loop L.

F. Intensity Distribution of a Resonance Spectra

Let us examine the interference of an infinite number of waves of
progressively smaller amplitudes U; and equal phase differences
[29], where 7 is the index of the wave changing from 1 to infinity.
The first wave has the intensity /p and an amplitude U; = /1.
The next wave is smaller by the factor of h = |h|e’?, |h| < 1,
compared with the previous wave, and incorporates the decay
of the amplitude and a phase shift ¢. Thus, a series of waves is
formed:

U, Uy=hUy, Us=hUy = h*Uy, ... (34)
The summary field amplitude is

U=U +U+Us+...

=U (1+h+P+h+.)=U )y b
k=0
Ui Vi
= = — 35
1—h 1—|hlei® (39)
The total intensity is
1 1

= Uf? 3 : (36)

T = (bl 1+ 1hP —2lhlcosd’

This formula can be rewritten in a form that better describes its
resonance behavior

1
I= —— . (37)
(1 = 1hD)" +4lh| sin” (¢/2)
The maximal and minimal values of the intensity are
I
max — —027 (38)
(1 —1hD
1
i = . (39)
(1 +14D)
Theintensity in Eq. (37) can be rewritten as
[maX
I= S . (40)
1+ (216D /1= 1h])" sin” (¢/2)
The resonance depth 7 is
4|h| 1
]res = ]max - ]min = Loza (41)
1 —=151%
and can be characterized by coefficients Ky and K;:
]res = Kl : ]max = KZ : 107 (42)
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4
A+ “3)
4)h|

According to Eq. (40), the resonance FWHM in a phase
scale ¢ is

1— |4
2V
For the WGMR case, ¢ is a phase shift that is experienced by the

light, when it travels light path loop distance L in a media with
refractive index 7:

A¢ = 4arcsin

(45)

¢=/«-L=27;—”-L=2”[”L-v. (46)
Then,
I
=ac |/7|)2+4T/;|sin2(ﬂgi)' @)
In frequency scale,
Iy

I= . 48
(1= |h)* + 4]h| sin® (Z2Lv) (48)

If we assume |/| to be fixed and v to be variable, then the
maximal value of intensity is achieved when sin(* ;’L V) =0,
thus giving the resonance condition

wnl

v, = 1m, (49)

¢
where 7 is a positive natural number as v,, > 0. Resonance con-
dition

Vpy=—"m (50)
isequal to Eq. (5) as expected.

Full width at half maximum Av of the intensity in Eq. (48) is
obtained from equation

(1 —1h))? =4|h|sin® (TnL (v, + Av/2) Je).  (51)
Taking into account the identity in Eq. (49), we obtain

2¢ 1— 15|

Av = — arcsin 2T (52)
If we make a similar procedure for Eq. (47), then
L
(1= |h)? = dlhlsin® (), (59)
o + A1)2
L
”A”m —m, (54)
Tl 1= k]
—— —arcsin—— , 55
Y arcsin NI +7m (55)
2\, arcsin 1=14]

arcsin—— ~+ wm
2J1h]
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2 _
~ 2 arcsinl 1l (57)
wnl 217
2 _
~ 2 arcsin1 7] (58)

wnl 2151

for cases when 7 >> 1 as |arcsin(x)| < /2 for all values of
parameter x.
Thus, Q-factor is obtained as
wnlv . L—1h]
= arcsin .
2c 215
Equation (48) shows the same maximal intensities for each of
the resonances if decay rates | 4| are the same for all frequencies.
If |#| depends on v, then resonances with various intensities can
be obtained.
|| can be expressed as

(59)

|}]| — K_ﬂ — e—t()/(Z‘L’) — e—ﬂL/(Z[T) — e—nnlv/(cQ)’ (60)

where #) is time for the signal to travel one loop with path dis-

tance L, and 7 is the decay rate of the intensity as given by Eq.
(16). Thus, Eq. (48) turns into
I

I= — 0 - (61)

(1 — e72’17r> + 4¢™ %t sin? (””L v)

c

= b ) (62)

_mnlv 2 _nmnlv |
(l—e fQ) +4e” cQ sin? (#U)

For slow decay (1—1h)<k1, |h|=1—1/Q21)=
1 —nL/Q2ct), and the resonance width in Egs. (52) and
(58) and the Q-factorin Eq. (59) can be approximated as

c 1—1h| c 1
~ ~ 1— b))~ —, 63
Y anl /b nnL( & 2nT (63)
A 1—|h] A2 A2
A A ~ (1—|h)~ . (64)
anl /1h] nnl 2wt
Lv Vb
QY NIy, (65)
c 11—k
asexpected from Egs. (23), (24), and (19).
For slow decay, Egs. (61) and (62) turn into
I
I~ — (66)
(55)" +4sin® (Z2Ev)
I
~ — . (67)
(z25t) +4sin® (72Lv)

When searched now for resonance width at half maximum Av
close to resonance, we obtain v/ Q ~ Av, which is equal to
Eq. (25).

By combining Egs. (30), (14), and (63), we obtain

Nn«/|z|w T 2mcet

F~ ~ A .
1—1hl  1—=1hl  uL

(68)
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Now Eq. (47) can be rewritten as

[max
= T s (z2Ly)’ (69)
Iy
= 2 70
(1—1h))? (7o)

The intensity in Eq. (69) takes the maximum value 7.
when sin?(wnLv/c) =0 and minimal value /., when
sin’(mnLv/c) = 1.Thus,

[max
Tin = —————. 71
1+ QF/m)? (1)

The resonance depth becomes

Ires = [max - [min = Kl : [max = KZ : [07 (72)
K = ! (73)
i@/
1 1
K, (74)

T A=) 1+ @/ QP

I 1

= . . 75
(1 —=1hD? 14 (x/2F)* 7o)

IFCS

For slow decay (|/]|~ 1), according to Eq. (68), the finesse
becomes F >> 1and

Ki~1—(n/QF)*=~1, (76)

Ky~ (F/m)* ~(F/m)?. (T7)

14 (7/2F))?

It should be noted that, according to Eq. (70), /.y can reach
infinity if there is no decay (|4| =1). In this case, equations
describe a situation when an infinite number of identical light
fields are summarized; therefore, infinite summary intensity is a
logical conclusion.

Close to resonance described by ¢, [see Eq. (46)] or v, the
intensity distribution in Eq. (69) becomes Lorentzian:

I
I= o 78
1+ (F/1) (P — bres)” 78)

Imax
1+ (anf/C)z(U - Vres)z ( 9)

G. Resonance Shift

The advantage of optical resonators is ease of use for sensing
applications [16]. The most used mechanism that realizes the
sensing process is the shift of resonance positions when the exter-
nal environment, e.g., temperature, changes. This is realized by
the expansion of the resonator and the change of its refractive
index, as resonance positions depend on the light path length
and refractive index [see Eq. (4)].
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Thermal expansion of materials is described by the coefficient
of thermal expansion . For material with length Z, the expan-
sion 4 L for the temperature change 4 T'is described as

dL
dT
The change of refractive index by a temperature is described by

the thermo-optical effect and corresponding thermo-optical
coefficient By of a material:

=0 L. (80)

- 81)

When both of these effects appear, then the resonance peak 1,
described by Eq. (4) shifts as

dx,, dn dL 1 1
T = (ﬁ +”ﬁ>‘;—(“0+ﬁ0)”]4‘;, (82)
A
I Am (0 + Bo) (83)
and in frequency scale
dav,,
aT (oo + Bo) - (84)

For fused silica, ap=0.55-10"° 1/K [31] and Bo=
11.3-107% 1/K [32], thus showing that the thermo-optical
effect is the main contributor to a resonance shift. Other effects
may cause the shift of frequencies, for example, when additional
substance appears in the path of light and when the volume of
the media increases due to external humidity as in the case of
glycerol [14]. The effect of the resonance shift due to changes in
the environment allows us to use resonators as sensors.

3. ADVANCED ANALYTICAL FORMULAS FOR
RESONANCE DESCRIPTION

A. Fabry-Perot Resonator

The Fabry—Perot resonator is an optical system with two parallel
semitransparent mirrors placed at a distance 4 = L /2. Laser
light is irradiated on one of the mirrors, and transmitted light of
the whole system is measured [33,34]. There are two main types
of Fabry—Perot resonators, i.c., bulk glass with parallel surfaces
that are covered with reflection coatings [FP Type—1, Fig. 1(a)]
and air-spaced plain parallel surfaces, which are covered with
reflecting coatings on inner surfaces and with antireflecting
coatings on outer surfaces [FP Type—2, Fig. 1(b)].

Let us derive a significant property of transmitted and
reflected light that falls on the boundary of two optical medias.
We suppose that incident light has amplitude # and is transmit-
ted from media with refractive index 7, to media with refractive
index 7, (Fig. 2). The amplitude of the ray in the second media
becomes at, where ¢ is the transmittance coefficient. The
amplitude of the reflected ray is ar, where 7 is the reflectance
coefhicient. The time-reversal principle can be used, i.e., when
the direction of light propagation changes to the opposite, the
amplitudes of the field have to remain the same. Let us use 7’
as the reflection coefficient when the ray comes from media 7,
and reflects from media with 7y, and ¢ is the corresponding
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(b)

(a
reflected coatings

reflected coatings

@«
@«
i~ =

—
anti-reflected coatings
FP Type -2

Fig. 1.  Types of Fabry—Perot resonators: (a) solid etalon (Type 1);
(b) air-spaced plain parallel surfaces (Type 2).

FP Type -1

(a) (b)

a att’| art

n, n, n, n,

Fig.2. (a) Scheme of directions of incident, reflected, and transmit-
ted field rays when light is irradiated on the boundary between medias
with different refractive indexes 7, and 7. (b) Scheme for comparison
of incident, reflected, and transmitted fields with rays in time-reversal
situation. The light propagates along one horizontal axis. Only for
visualization purposes, rays have angles to the boundary that separates
medias.

transmittance coefficient. Then, the time-reversal gives ray 2z
to reflect as 227’ and to be transmitted as #¢¢' and ray a7 to be
transmitted as @7 ¢ and reflected as 272 [see Fig. 2(b)]. Thus, we
have

a=att +ar?, (85)
O=art+atr, (86)

and
P4t =1, (87)

t=1¢=+1-r2, (88)

r=—r. (89)

When both media are equal, then there is no reflected ray; thus,
r=r'=0andz=¢=1.

The reflection coefficient of the mirror (or semitransparent
mirror) is assumed to be R, and it describes the proportion
of intensity that is reflected. For the amplitude, this becomes
r = /R and #' = —v/R with r used when the ray reflects from
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media with a larger refractive index and 7" used when the ray
reflects from media with a smaller refractive index. In the second
case, it can be described as a reflection with a coefficient » and a
phase shift 7. The transmission coefficient of light intensity is
defined as 7’=1 — R. For amplitude transmission, it becomes
t=t=+T.

Let us explore the Fabry—Perot resonator of Type 1 [Fig. 1(a)].
The resonator is filled with media with refractive coefficient 7.
The resonance condition appears when the distance between
both mirrors is equal to positive natural number 7 of half

wavelength:
A
d==2) m, 90
<2n) ” (90)

Am:2nd~l:nl~l, (91)
m m
which is equivalent to Eq. (4). In the same way, the equivalence
will be found for resonance positions in frequency scale and in
the FSR.

The left reflective layer (first mirror) of the Fabry—Perot
resonator (see Fig. 3) is characterized by the intensity reflection
coefficient Ry, transmittance coefficient 7j, corresponding
amplitude reflection coefficient 7, = /Ry, and transmit-
tance coefficient # = +/7T;. The right reflective layer (second
mirror) is characterized similarly by coefficients Ry, 73, 72,
and . The incident light with intensity /y and field ampli-
tude Uy =+/Iy travels from left to right and hits the left
side of the resonator. This field is transmitted through the
first mirror as Uy = 1 Uy. When it reaches the second mir-
ror, its phase is shifted by ¢/2 = (2nn/X)d, thus obtaining
Usy = ¢'/?Upy;. Part of it is transmitted through the second
mirror Ury = t,Upy = ¢’?/%1,,Uy. The reflected part obtains
the phase shift by 7, thus giving Ups = —r,Up,. Further, we
find that U04 = €i¢/2U03, U11 = - U()4, U12 = €i¢/2 U]l, and
Ur = tUpp = e 2p 7,16, Uy. Additional steps show that
Ury = Uy = e?2r2r2122Uy. Thus, the summary field
amplitude transmitted through the system becomes

Ur=Un+Un+Un+---
= Upti tre'?/? (1 +erir + (ei¢rlrz)2 + - ) (92)

Hbe'®? v1— 712,/ 1-— 722€i¢/2
=U . (93)

0 ebriry 1—erir
R: Rz
U ¢ Uy > Uy, Ur,
2 ¢l y : u
14 13 ) U
U ¢ Upyg ———— Uy, T
s Uos — Ugs U
RO4mm U, _ Ug TO
UO
Fig. 3.  Schematics of light field propagation in a Fabry—Perot

resonator. The light propagates along one horizontal axis. Only for
visualization purposes, rays are separated vertically.
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When comparing these equations with Eq. (35), we find that
b =rire'® = rir e’ and |h| = ryr,, with the exception
that the correction of the first amplitude is needed to become
U()tl t2€i¢/2.

An alternative way [35] to obtain Eq. (93) is as follows. We
use the summary amplitudes of fields propagating outside and
inside the resonator: incident field amplitude Uy, reflected field
amplitude Uy, transmitted field amplitude Uy, field amplitude
in the resonator close to left mirror propagating in the right
direction U, and the field amplitude in the resonator close to
left mirror propagating in the left direction Us. They have rela-
tions Ul =1 U() — 7 U4, UR =1 U4 + 7 Uo, U4 = —U172€i¢,
and Uy = Uj t¢'%/? from which Uy can be derived. This alter-
native provides a fast way to obtain the final equation but lacks
the clarity of its relation to the interference phenomena that is
highlighted in this paper.

Equation (93) can be transformed using operations similar to
those used for Eqgs. (36) and (37); then, we obtain the transmit-
ted field intensity of the Fabry—Perot resonator [36]:

I(1 — 712)(1 — 722)

Ir= . 94
T A= rm)? + drir sin2(0/2) (°4)
This can be rewritten as
17 max
Ir= T (95)
1+ QFr/m)” sin“(¢/2)
with
1—7r3)(1 =72
T = 3= 72), (96)

(1 —7’17’2)2
Fr="07 (97)
1—rir

where /7 .y is the maximal transmitted intensity and F7 is the
finesse of the transmitted signal.

Minimal value 77 i, of the transmitted intensity in Eq. (94)
is obtained when sin(¢/2) = 1:

(1_712)(1_722) _ ITmaX

I min = I, = . 98
! TETTSE 1+ QF7/m)? 48)
Depth of the resonance intensity is
[Tres - [Tmax - ]Tmin (99)
4(1—rH(1—ry
=1 (a—=r)( 7;)"17’2 (100)
(1-— 712722)
= K7 Irmx= K21y, (101)
with coefficients
1 4
KTI = 2 = fr 2 (102)
() QFr))"+1 (1 +rr)
41— —r3
Ky 1 —r 72)7172. (103)

(1— 7‘12722)2
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According to Eq. (31), the signal width of transmitted intensity
becomes

c 1—rirn

Avp=—t = , (104)

2ndFr  2mnd Jrir
and the Q-factoris
2w ndv ./
QT= Tnay riry (105)

c 1—rir

Ifboth mirrorsareequal, 7 =, =7 = /R then,

L(1 =72’
I 106
= (1=72)%+4r2sin (Z”d”) (106)
I(1—R)*
, 107
(I—R) + 4R sin? (2”“’”) (107)
[Tmax - [Os (1 08)
1-72)° 1 — R)
Troin=lr =" = ;U280 (109)
(1+72) (1+R)
472 4R
]Tres=]0 2 :]O 7 (110)
(1+72) 1+R)
c 1—172 c 1—R
Avr— = 111
vr 2wdn v 2wdn /R (111)
2wdny 7 2ndnv VR
Qr= c 1—72: c 1—-R’ (112)
Tr 7R
Fr= — 2" 1-r (113)
Ky — Ky 27 _ 4R (114)
n=Kpn= (1+72)2 GEYE

Equation (107) looks similar to Eq. (47) with the exception that
the intensity has a multiplicator (1 — R)?.

To obtain the sharp lines of the Fabry—Perot resonator, reflec-
tion coefficient R has to be close to 1. In this case,

(115)

2nndy 1
~ [ 116
Qr 1 & (116)
Kmn=Krn=1. (117)

We can analyze a reflected light of the Fabry—Perot resonator.
The reflection from the first mirror gives Ugo=7r1Up (see
Fig. 3). Further signals are Upi =1U= —tlzrzei¢ U,
URZ =1 U14 = —t127’227’1€i2¢ UO = UR17’1 7'2€i¢. Thus,
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Up=Upo+Upi +Upa +---

=Up (rl — tirpe® (1 +e'Priry + (ei¢rlrz)2 + - ))

2. id
trye
:I/O 7'1——1 2
1—ei®rir

ry — 72€i¢
0 1—e®riry
(118)

For reflected intensity, we obtain

(- r2)” + 4riry sin*(¢/2)
Ie=1h (1 — r172)% + 4r172 sin(¢/2) (119)

The resonance character of this equation can be seen after math-
ematical manipulations:

1R=10(1—

We can find that

_ .2 .2
d-r)a-r) ) (120)
(1 = r172)? + 4717 sin®(¢/2)

Io=Ir+ Iy (121)

as expected.

As in Eq. (120), phase dependence comes from the denomi-
nator, which is equivalent to the intensity of transmitted light in
Eq. (94); the finesse of reflected light Fp is the same as the finesse
of transmitted lightin Eq. (97):

Fr=Fr. (122)

The maximal value /g .y, minimal value 7z i, and resonance
depth g, of reflected intensity /p are the following:

(r1 +72)*
I max = [p——————, 123
R 0(1 +7’17‘2)2 ( )
2
]RminZIO(VI—rZ)Z7 (124)
(1 —=7r172)
[Rres = ]Rmax - [Rmins (125)

4(1 - 2)(1 - "22)7’17’2
2.2

[Rres = 10 (126)

(1 —rir?
= ITres = K1 1R max = K2 Do (127)
Resonance depth coefficients of the reflected light are

41— r)(1 = r)rir,
Kp = 128
0 =) (4 1)? (128)

(U +nn)’(n=n)’
(1= r1r2)(r1 +72)*
41— )1 —r2)rir

2,22
1 —=rir;

(129)

Kpy= =K. (130)
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Ifboth mirrorsareequal (r; =, =7 = V' R), then

(1—r2)?
Ie=1[1- 131
k= ( (1 —r2)> + 472 sin2(¢/z)> (131)

B (1—R)?
=5 (1 C(1-RY +4Rsin2(¢/2>> (132)

472 4R
[Rmax:10 . 2 =10 2 (133)
(1472) 1+ R
[Rmin =0, (134)
4p? 4R
LRees = 1o i’ 2= Iy 7= I7res, (135)
1+ "0+B
Kpi=1, (136)
472 4R
Kp = K. (137)

(142 (A+R*
By inserting equation for ¢, we obtain

Irn =1 (1— (- &
BZON T A= R+ 4Rsin Qrdn/n)

) . (138)

Type 2 of the Fabry—Perot resonator [Fig. 1(b)] can be ana-
lyzed as well. We assume that the resonator is filled with media
with refractive index 7, which is still smaller than the refractive
index of plain parallel surfaces of both sides of the resonator. A
similar ray scheme as in Fig. 3 can be used. Here, an additional
index “B” will be used to describe each amplitude. For exam-
ple, Upoy will be used as a substitution of Up; in Fig. 3, which
is used for the Type 1 Fabry—Perot resonator. It can be found
that Upor = Up1, Upoz = Upz, Upos = —Upss Urpo = Uro,
Upos = —Usps, Upii = U1, Upia = Uz, Urpr=Ur, and
Urpy = Urp; the summary transmission field Ugp is equal
to Ur. For reflected beams, Uppg = —Ugry, Urgzi = —Ugi,
Ugrpa = —Ugs, and a summary reflected beam Upp = — Uy,
which has the opposite sign compared with Type 1. Intensity
distributions are equal for both types of Fabry—Perot resonators.

B. Circular Resonator Coupled to One Waveguide

Let us explore the situation when a circular whispering gallery
mode resonator with radius # is coupled to a waveguide (Fig. 4).
The field in this resonator can be modeled as reflected field Uy
of the Fabry—Perot resonator when the second mirror is fully
reflective, R, =1 and Ry = R. In this case, the absorption
and dissipation of the field were not taken into account. Thus,
intensity distribution is obtained from Eq. (120) and becomes
I = Iy, which means that all fields are transmitted through the
system.

We will describe a model of a waveguide coupled to a cir-
cular resonator, taking into account field decay in the system.
This system is called an “optical all-pass filter.” Coupling of the
waveguide and the resonator will be described by the reflection
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Light propagation in a circular resonator coupled to a wave-

Fig. 4.
guide.

coefficient » = +/R, transmission coefficient £ = /1 — 72, one
loop light path length in the resonator is L, giving the phase shift
perloop ¢ = 27 nL /A, and the field decay rate e =¥ with

B=1/(2t)=nL/Q2cT), (139)

where £ is the time the light travels one loop in the resonator,
isa decay rate of a signal in the resonator, 7 is a refractive index of
the resonator, and ¢ is the speed of light.

Let us obtain the summary transmitted light amplitude Up,
of the all-pass filter in Port 1 (Fig. 4). The light with ampli-
tude Uy = /1y enters the waveguide from the left side. Part
of this amplitude Upyg=rUj is passing through the wave-
guide without entering the resonator. Another part Uy = #U
enters the resonator. After travelling one loop in the resonator,
the amplitude of the wave becomes U, =—e®e P Uy;.
This field reflects back into the resonator as Up; = —r Ujs.
Another part is transmitted to the waveguide as ampli-
tude Upy =tUjp = —e®e Pr2U,. The field amplitude
Uy after travelling the next loop in the resonator turns into
Uy, = —e'®e P Uy,. This field is transmitted to the waveguide
as Uppy = tUp = —e' e 212Uy = Upyy - (¢'®¢Pr) and is
reflected into the resonator as Us; = —r Uy,. Further, Us; after
one loop in the resonator turns into Usy = —e®e P Us,.
It is transmitted to the waveguide as Upjz=1tUs, =
e PriUy =e®e PrUp,=Upy - (e Pr)2. In  a
similar manner, the further series of reflected and transmitted
signals can be found. Finally, the summary transmitted light
amplitude Up; of the all-pass filter in Port 1 is obtained as a sum
of series:

Upr=Upio+Upii +Upia+--- (140)

= Upr — Upt?e™®e ™

X (1 + et By 4 (ei‘/’e_ﬂr)z + - ) (141)

(1 —7r2)ete=P
=W\r———F7F—7— 142
0 <r 1—ete=Pr (142)
r—eeP
0 (1 - re’q’e_ﬁ) (143)
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An alternative approach [37-39] obtains Eq. (143) using sum-
mary field amplitudes in a waveguide and resonator. Now, the
incident field amplitude is taken to be Uj, summary transmitted
field amplitude Up, and field amplitudes U; and U, in the
resonator before and after the connection point with the wave-
guide, respectively. They hold relations Up =»Uy +itU,,
Uy, =itUy+ rUy, and Uy = Use’®e P from which Up can be
derived. This alternative provides a fast way to obtain the final
equation but lacks the clarity of its relation to the interference
phenomena thatare highlighted in this paper.
The transmitted field intensity in Port 1 is

(r — 67/3)2 +4re=Psin’(¢/2)

Ioy = |Up 1> =1 144
r1=|Unl “(1 = re=P)? + dre—P sin($/2) (144)
1—72) (1 —¢ %
Y P :)( ) . (145)
(1 —re=P)" +4re=F sin®(¢/2)
It can be rewritten as
[Pllma.x
Ipi =1y — , 146
o L QFp /) sink($)2) (146)
(1—r2) 1—e 2
[Pllmax=[0 ( ) (147)

(11— 76*5)2
_ B N\?
=1 (1 - (ﬁ) ) ) (148)

wJrePl?

Fri= .
P e p

(149)
where Fpy is the finesse of the all-pass filter signal. According to
Eq. (32), the Q-factor of this signal is

anlv Jre P?
1—re b’

Qp1 = (150)

The minimal value 7pj i, of the intensity /p; in Eq. (146) is
obtained whensin(¢/2) = 0:

r—e P\’
Iptmin =D —— ) . 151
=) (151)

Alternatively, this condition corresponds to the largest intensity
accumulated in the resonator ring [40].

The maximal value /p max of the intensity /py in Eq. (140) is
obtained when sin®(¢/2) = 1:

2
r+e P
Ipimx=Hl ——— ) . 152
o= 1 ) (152)
The resonance depth /p,es of the transmitted intensity /p; is
[Plres = [max - [min (1 53)
4re B(1 —1r?) (1 — e‘zﬁ)

(1= 220y (154)

= 1o

= K1p11p1 max = K221 1o, (155)
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4re B(1 —1?) (1 — e‘zﬁ)
Kip = , 156
17,1 (1 —rg_ﬁ)2(7+g_ﬁ)2 ( )

4dre=P(1—1r?) (1 — efzﬁ)

Kopr= 0 _726—213)2

(157)

According to Eq. (31), the signal width of transmitted intensity
becomes
c 1—re®

Tl Jre (159)

Avpy =
If there is a slow decay, (8 — 0) and - 1, then the resonance
depth in Eq. (154) becomes
8r

-7

[Plreszjol zﬂ- (159)
If there is no decay (8 = 0), then the resonance depth is 0, which
means that no resonance can be detected by intensity measure-
ments. This is an important conclusion, despite the fact that, in
this situation, the Q-factor has some value as derived from Eq.

(150):
anlv /1

Qrio= . (160)
c l—r
Let us analyze the Q-factorin Eq. (150):
1 c 1—re®
= 161
Qp1  wnLv fre P2 (161)
—E (BB 162
anlvds (e re P?). (162)

Let us assume that decay is slow (8~ 0), expand Eq. (162)
in Taylor series around the value of B =0, take the first two
elements of the series and use the definition in Eq. (139):

c c

1
—r — (1 — —A1 163
Qp nnLvﬁ( r)+2nnLvﬁ( +np (163)
1 c 147
= 164
Qp10 + 27'[7![,\1’8 \/; ( )
1 c 1+r

(165)

- Qp10 +47TU‘L' ﬁ ’

For Qpio to take the largest value, 7 has to be close to 1.
Therefore, now we can expand the second term in Eq. (165)
in Taylor series, respectively, to 7 and around its value 1 and take
first two elements. We obtain

c 147 c ~12 c
= ~ — 1
drvt Jfr 4wyt () 27 VT (166)
1
= (167)

where the decay is described as Q pj,—factor, according to
Egs. (23) and (25).
Now the Q-factor of the optical all-pass filter can be described

as
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1 - 1 n 1
Qpi Qrio Qprir

Here, we see that Q-factors of various processes in the system are
inversely summarized according to the rule of Eq. (29).

(168)

C. Circular Resonator Coupled to Two Waveguides

A circular resonator with two waveguides can be analyzed (see
Fig. 5). Such a resonator is called an “add-drop filter.” It can
be modeled as a Fabry—Perot resonator with various reflection
coefficients of mirrors. The decay of signal in the system can
be described in similarity with the description of the all-pass
filter. By comparing Eq. (118) when 7, =1 and r; = with
Eq. (143), we see that decay could be introduced by substituting
¢'? with e’?e~# in Eq. (118). This is logical, as a phase shift ¢
was obtained by light travelling one loop in the resonator; in this
path, the decay ¢ ~# was obtained. Now transmitted light field
amplitude Up; through Port 1 can be expressed from Eq. (118)
by substituting ¢’? with ¢'®¢ ~#:

7 — rzeiqse_ﬁ

Up1=U (169)

1 —ryrpei®e=8"
Equation (169) can also be obtained from Eq. (118) if 7, is
substituted by r,¢ ~#. Taking this into account, we can write the
intensity of Port 1 as Eq. (120), with 7, substituted by 7,¢ =# and
R, substituted by Rye ~#/2, oras Eq. (145) with ¢ P substituted
by r2¢ =P and r substituted by 7, :

Ipy=|Upi|?

(1— rlz) (1 — 7226_2'6) )

=L|1-— 2
(1= r1r2e=F)" +4drirye=F sin’(¢/2)

(170)
It can be rewritten as
[Pllmax
Ipy=1— , 171
P T @F /)2 sink($)2) (a7)
1— 2 1— 2,-28
[Pllmax:[0( all 7262 ) (172)
(1 — rlrze_ﬁ)
Port 2 Port 3
lp, = =] lps
Port 0 Port1
IO |—> _>| |p1

Fig.5. Light propagation in circular resonator coupled to two wave-
guides.
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—B/2
Fp = e (173)
1 —rirpe P

where Fp; is the finesse of the add-drop filter signal in Port 1.
According to Eq. (32), the Q-factor of this signal in Port 1 is

anlv Jrirge P12 (174)

c 1 —ryrye#

Qp1=

The minimal value 7Ipjny, of Ip; is obtained when

sin(¢p/2) =0:

7 —rpe P :
[leinzlo(—l 2 ) . (175)

1 —rirpe B

The maximal value /Ipjme of Ip; is obtained when

sin?(¢/2) = 1:

2
71 —}-rzefﬂ
Ipimax =l —————— ] . 176
=i 120 (176)
The resonance depth is
[Plres = [Pl max ~ [lein (177)
drirpe ™ P(1 —r2) (1 —r2e2P
_ et ;12)( LEC0 R
(1 — 7] rze_zﬂ)
= K1p11p1 max = Kop1 1o, (179)
4rire P —r2) (1 — r2e2P
Klplz ; ( 2 2)1 (180)
(1 — rlrze_ﬁ) (r1 + rze_ﬁ)
brire (1 —r2) (1 — 7228
Kopy = —— D (1= e ™) (181)

(1 - 7127226_25)2

If there is a slow decay, (8 — 0) and r;, 7, = 1, then the
resonance depth in Eq. (178) becomes

driry(1—rH(1 — 73

(1-— 712722)2

(182)

[res ~ 10

In Port 2 (see Fig. 5), the output signal amplitude Up, can be
obtained from Eq. (93) taking into account that ¢’® has to be
substituted by ¢’?¢ ~#:

V1 —riy1 —riet®/2e=F2 (183)

1 —rirpeibeh

Up,=U

The corresponding field intensity /p; = |Ups|? in Port 2
becomes

(1-— 712)(1 — rzz)e_ﬁ
(1 — rlrze_ﬁ)z + 4ryrpe=P sin®(¢/2)

Ipy=1 (184)

1P2 max

T 1+ QFp/n)sin’(9/2)] (189)

where maximal value 7/p;m. and the finesse Fpy, can be
derived as
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L1 — 712)(1 — rzz)e_ﬂ

Ipyms = ) , (186) The resonance depth /py,s of the intensity /p, becomes
(1 - rlrze_ﬂ)
nme_ﬁ/z [PZres = [P2max - [P2min (191)
]:1)2:—7/3:]:]21. (187) 2 28
1 —rire 4(1—7’1)(1—7’2)71726
= (192)
The corresponding Q-factor of the signal in Port 2 is (1 - ’1 r3 2€ —2;9)
mnlv frire P2 = K1p21p2 max = Kap2 Do, (193)
Qr2=Qp = . (188)
1 —ryrpeB
The minimal value /py min of the intensity /p; in Eq. (184) is with corresponding coefficients
obtained whenssin(¢/2) = 1:
1 4ryrpe P
I(1—rH)(1 —r2)e P Kipy= — = 5, (194)
Ip2 min = : 2 (189) 7/ @QFp)’ + 1 (14 r1reF)
( + rlrze_ﬁ)
P2 max 4(1 = 7)1 = r2)rirpe™2P
— 2 ma > (190) szz — ( 1)( 2) 172 (195)
1+ QFpa/m) (1 —71726*2/3)
Table 1. Summary of Main Equations That Describe Parameters of Resonances
Q-factor
storedener; 2ntc 9} v A nlLv L
Q =2 energylossperosci[li’ionperiod Q =2t =tw= T Ao = Av — Ax Q =F c = ]:()L/n) =Fm
Interference of an infinite number of waves of progressively smaller amplitudes and equal phase difference
U=V, Gy=hU, Uy =hU, = U, ... L= K- Do = K> - Iy Q~ T s
bh=1hle, |h| <1 K= Ki~1—(1/QF)~1
U=Ui+ U+ Uyt Ky= Ky~ (F/7)?
=|U>= m A¢(FWHM) = 4arcsin; JWF‘ close to resonances ¢ — ¢ = 0
]mx =3 IW)Z for slow decay (|| =~ 1) and
o o WH L] ~ Tmax
Tmin = (1-+]h])? i Ap(F J;/D NG 1 LHF /1) (§—res)*
— —_ — 0 ~ T ~ _T
]res == ]max [mm - (1—|/7|2)2 ‘F —1h| —1h|
Intensity distribution of WGMR for slow decay (|4| = 1)
_ __2mn _ 2mal _ 1 ~ M2 1=hl o 22
p=hk - L=22. [ =22k .y 1_< — {M_z - A)\NmLWNZMT
l—e Q@ ) +4e  Q sin (%U)
— B — ,—1/Q27) _ ,—nL/(2cT) ~ Iy 7nl
|h|=e P =¢ 0/ =¢ e Qr = o8 \h\ ~ 2TVt
—Tn < ~ ~ _C h ~~ ~ ~ <
= ICQ x —nlv/(cQ) Av Wlhl o F ll‘rvl”l,]lwz;’;
Fabry-Perot resonances
Uy = Upy =/ I)(1 — r3)(1 — r2)e™/? Transmitted signal Avy = 2n;f1 E 1\/:117:2
_ i _ 1T max 2nndv 7172
h=rire Ir= 1+(2]~"1/77;)2 sin (¢/2) Qr= 5" 2
¢ =4mnd/r Fr= 7: ':11:22 Reflected signal
2
bl =ri72 I = I S Ie=1I—1Ir
(13r172) 5
I =1 A=r)(A—r3)
T min — 40 (I+r172)°
Circular resonator coupled to one waveguide
— —B ip _ _ IP11 max r—e P N2
h=reve I =1 1+(2.7:p112111}2 sin? (¢/2) Tpimin =D (7= ﬂ)
¢ =2mnl/x\ Fri= nf:e-ﬂ Avpr =27 \lfereﬁ/l
B —r2)(1—e—2P mnlv Nfre P2
|h|=re? Ip11 max = 10% Qp = [L {,E —B
B =1/@21)=nL/(2c7) Ipima = Io(£225)?
Circular resonator coupled to two waveguides
— Ip11 max _ ﬂa/r]rzf_ﬁ/z r14rme P 2
Ipy —IO—WW Fri _Wyz [leax—lo(ljrrlrzzfﬁ)
_ (I=r{)(1=rye=<P) _ mnLv J11me” _ ri—rae P
IPllmax—IOW QPI—%FL;W 1P1min_10(1ir1r22£7ﬂ)2
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Within our model, the light intensity in Port 3 is /p3 = 0, as no
light travels in the opposite direction to the incident light.
The dissipated intensity /p of the add-drop filter can be

obtained as
Ip=1Iy— (Ip1+ Ip3) (196)

(1— 7’12) (1 —i—rze_ﬂ) (1 — e_ﬁ)

= [0 2 .2 .
(1 - rlrze*ﬂ) + 4rirye =P sin®(¢p/2)

(197)

When there is no decay, (8 =0), the dissipated field vanishes
Ip =0, asexpected from Eq. (121).

When the coupling of the resonator to both waveguides
is equal, which means r; =7, =7, then the characteristic
parameters of the field in Port 1 become

(1—172%) (1 — rze_zﬂ)

Im=1h(1- ; —
(1 —r e_ﬁ) + 4r2e=F sin“(¢/2)
(198)
Tre P2
= 199
Fn= (199)
L B/2
Qm=""2 " (200)

4. CONCLUSION

Main derived formulas as a result of this paper are summarized
in Table 1. They are ordered in a way that asserts the similarity of
Fabry—Perot and whispering gallery mode resonances with those
ofan interference of an infinite number of waves of progressively
smaller amplitudes and equal phase differences.

We presented the classical analytical description of reso-
nances in Fabry—Perot and whispering gallery mode resonators.
Basic terms such as wavelength in media, resonance condition
for wavelength and frequency, including an integral form of
resonance condition in case of nonhomogenous media, free
spectral range, Q-factor, summation principle of Q-factors of
various processes, and finesse were introduced. Interference of
an infinite number of waves of progressively smaller amplitudes
and equal phase differences were described, its intensity distri-
bution, maximal intensity, minimal intensity, resonance depth,
resonance condition, resonance width, Q-factor, and finesse
were derived. The case of a small decay was analyzed.

Fabry—Perot resonators with nonequal and equal reflection
coefhicients of their mirrors were described. The amplitudes of
fields in a resonator, summary amplitude of transmitted and
reflected fields, intensity distribution, maximal and minimal
intensities, resonance depth, resonance width, finesse, Q-factor,
and corresponding values for slow decay were analyzed.

Circular resonators coupled to one and two waveguides
were described. Field decay in the resonator was introduced.
Characteristics of resonances were derived and presented in
the form that allows them to compare with Fabry—Perot reso-
nances and general case of the interference of an infinite number
of waves of progressively smaller amplitudes and equal phase
differences.
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A description of the resonances provided in this paper is a
useful tool for reference when forming an in-depth understand-
ing of optical resonances, analyzing experimental data, and
searching for ways to optimize resonator systems.

Summarizing our paper represents a detailed description of
the theoretical approach describing features of the resonators for
general introduction in the topics of optical resonances.
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